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a) Using the definition of Laplace transform [1, (1) p. 204], we have (using the
substitution 7 = ¢t — np and the periodicity of f, f(7 + np) = f(7))
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where we have used the following summation formula for geometric series was
applied in the final equality

> 1
n=0

The condition |e™P*| < 1 is satisfied since s,p > 0.

b) With f(¢) =t we get (using partial integration)
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The RLC-circuit is govern by the following integro-differential equation [1, (1’) p.
94]

Lil(t) + Ri(t) + é/o i(r) dr = o(t) (1)
where (in our case)
u(t) =

= 34e (1 —u(t —4)) = 347t — 3de e~ Yy (¢ — 4)).

—34e7t O0<t<4
0 otherwise
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The Laplace transform of this expression is given by (using ¢-shifting [1, (4) p. 219]
and [1, (7) p. 249])

34 3detet  34(1-—e 1Y)

V(s)zf{v(t)}:SJrl_ s+1 s+1

Equating this result with the Laplace transform of the left hand side of (1), we
obtain (using [1, (1) p. 211] and [1, (4) p. 213])

34 (15_4-6148_4) _ { Li'(t) + Rit / }

= L(sI(s) — i(0)) + RI(s) + =1

5
:sI(s)+4I(s)+2()Iis): <s+4+280> I(s).

Thus,
34s (1 —e 1)

I6) = G DT s+ 20)
Using partial fraction expansion we get
34s A B+ Ds
G0 +45+20) s+1  s2+4s5120
(A+ D)s* + (4A+ B+ D)s +20A+ B
- (s + 1)(s2 + 4s + 20)

A+D=0
= 4A+B+ D =34
20A+B =0

= A=-2, B=40, D=2

2 40 + 2s —ds—
I(s):<_s+1+52+4s+20>(1_e4 4)
W ws— () .. 4 o
(e et ) )

The inverse Laplace transform of this functions yields the final result (using s-shifting
[1, Theorem 2 p. 208], /-shifting [1, Theorem 1 p. 219] and [1, (7) and (13) and (14)
p. 249))

i(t) = —2e 't 4+ 2¢ “tcosdt + 9e “sin 4t
—u(t—1)e 4 (—2e*1'(t* )+ 2¢ 2= cos[d(t — 4)] + 9e 2 sin[4(t — )})
= —2¢7 " 4 e % (2cos 4t + 9sin 4t)
—u(t —4) (—Qe_t e 22 (2 cos[A(t — 4)] + 9sin[4(t — 4)])) .

a) Taking the Laplace transform of

y" () +4y'(t) + 5y(t) = o(t — 1)
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b)

yields (using [1, Theorem 1 p. 211] and [1, (35) p. 250])
s%Y (s) — sy(0) — 4/ (0) + 4 (sY (s) — y(0)) +5Y (s) = e~ *.
With the initial conditions y(0) = 0 and 3/(0) = 3 we have
s%Y (s) — 3 +4sY (s) + 5Y (s) = e *
such that

e +3 3 N e °

S hds 5 (s ()2 H12 0 (s ()2 + 12
Taking the inverse Laplace transform (using s-shifting [1, Theorem 2 p. 208],
-shifting [1, Theorem 1 p. 219] and [1, (13) p. 249)])

Y(s)

y(t) =3¢ “tsint +e ‘" Dgin(t — Du(t — 1)
Taking the Laplace transform of

y"(t) + 5y’ (t) + 6y(t) =6 (t — g) +u(t — ) cost

5 (t— g) —u(t — 1) cos(t — 7)

yields (using [1, Theorem 1 p. 211], [1, Theorem 1 p. 219], [1, (14) p. 249] and
[1, (34) and (35) p. 250])

Se—ﬂ'S

Y () — sy(0) — ¢/(0) +5 (sY (s) — y(0)) + 6Y (s) = ¢ ™/% — 241

With the initial conditions y(0) = 0 and 3/(0) = 0 we have

Se—ﬂ's

s24+1

s2Y (s) 4+ 5sY (s) + 6Y (s) = e ™/2 —

such that
Y( ) e—Trs/Q e~ TS
s) = — .
$24+5s4+6 (s2+1)(s>+5s+6)

Using partial fraction expansion we get (s + 55+ 6 = (s + 2)(s + 3))

1 A B (AtB)s+3412B
2 +55+6 s+2 s+3 s2+4+55+6
A+B=0
{3A+QB:1

= A=1 B=-1

and
s A+ Bs C D  A+Bs (C+D)s+3C+2D

(s2+1)(s2+55+6) s2+1 RPar R e S B (s2 + 55 +6)
(B+C+D)s®+ (A+5B+3C +2D)s?> + (54 + 6B+ C + D)s +6A +3C + 2D
(s241)(s®>+5s+6)

B+C+D=0
A+ 5B+3C+2D =0
5A+6B+C+D=1
6A+3C+2D=0

1 1 2 3

A:— B=— = —— D= —.
= 10’ w0 YT m 10
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Hence,
1 1 11+s 2 1 3 1
Y _ - —7ms/2 [ = _“ 2 —7s
(s) <s+2 s+3>e (1032+1 5s+2+103+3>e
1 1\ op 101 s 4 30\ .
<5+2 5+3>e 0\2+1 241 s+2 s513)°

Taking the inverse Laplace transform (using /-shifting [1, Theorem 1 p. 219]
and [1, (7) and (13) and (14) p. 249])

y(t) = (ef2(tfﬂ/2) _ e*3(lff7r/2)> " (t _ g)
- % (sin(t — 1) 4 cos(t — ) — fe~2(t=7) 4 3o=3(t— )) w(t — 1)
— (efz(tfw/2) _ e*B(tfﬂ/Z)) " (t B g)
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